Abstract. In this paper, we are concerned with the following bi-harmonic equation with Hartree type nonlinearity
Introduction
In this paper, we consider nonnegative solutions to the following bi-harmonic equation with Hartree type nonlinearity
where 0 < γ ≤ 1 and d ≥ 9. The equation (P γ ) is equivalent to the following integral equation When γ = 1, equation (P γ ) takes the form of
which isḢ 2 critical in the sense that both the equation (P 1 ) and theḢ 2 norm are invariant under the scaling u ρ (x) = ρ d−4 2 u(ρx). The solution u to problem (P 1 ) is also a ground state or a stationary solution to the followingḢ 2 critical focusing fourth-order Hartree equation
where d ≥ 9. The Hartree equation with fourth-order dispersion term has many interesting applications in the quantum theory of large systems of non-relativistic bosonic atoms and molecules and the theory of laser propagation in medium (see, e.g. [9, 13] ). The bi-harmonic Schrödinger equations and Hartree equations have been quite intensively studied, please refer to [20, 22, 23, 24, 25] , in which the ground state solution can be regarded as a crucial criterion or threshold for global well-posedness and scattering in the focusing case. Therefore, the classification of solutions to (P γ ) plays an important and fundamental role in the study of the focusing bi-harmonic Hartree equation (1.2). In this paper, using the method of moving planes, we study the classification results for nonnegative classical solutions u ∈ C 4 (R d ) to the equation (P γ ) under appropriate decay assumptions at ∞.
The methods of moving planes was invented by Alexanderoff in the early 1950s. Later, it was further developed by Serrin [27] , Gidas, Ni and Nirenberg [10, 11] , Caffarelli, Gidas and Spruck [1] , Chen and Li [2] , Lin [14] , Chen, Li and Ou [5] and many others. For more literatures on the classification of solutions and Liouville type theorems for various PDE and IE problems via the methods of moving planes or spheres, please refer to [3, 4, 6, 7, 12, 14, 15, 21, 28] and the references therein.
The main result in our paper is the following theorem.
Theorem 1.1. Assume d ≥ 9 and 0 < γ ≤ 1. Suppose u is a nonnegative classical solution of (P γ ) with u(x) = O(|x|
2 ) as |x| → ∞. Then, u is radially symmetric and monotone decreasing about some point x 0 ∈ R d in the critical case γ = 1, in particular, the positive classical solution u must assume the following form
2 . For 0 < γ < 1, the unique nonnegative classical solution of (P γ ) is u ≡ 0 in R d . The classification of the solutions to (P 1 ) would provide the best constants and extremal functions for the corresponding Hardy-Littlewood-Sobolev inequality (see [16] ).
We define the norm u L V := (V * |u| 2 )|u|
we have the following Hardy-Littlewood-Sobolev inequality (see [12, 16] )
where the best constant S d is given by
Equation (P 1 ) is the corresponding Euler-Lagrange equation for the minimization problem described in (1.4) . By the uniqueness of the spherically symmetric positive solutions of the Euler-Lagrange equation (P 1 ) derived in Theorem 1.1 and using the concentration-compactness arguments in [17, 18] , we can obtain the following variational characterization of W (see [8, 17, 18, 22, 25] ). 
L V , therefore, the best constant S d for Hardy-Littlewood-Sobolev inequality (1.3) can be calculated explicitly as (1.6)
L 2 = W L V . By further calculations, we can deduce from (1.6) the following corollary. .
